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Previous Technical Report.~ to the Office 
of Naval Research

1. A. J. Durelli, “Development of Experimental Stress Analysis Methods to

Determine Stresses and Strains in Solid Propellant Grains”-—June 1962.

Developmen ts in the manufac turing of grain-propellant models are
reported. Two methods are g iven : a)  cemen ting routed layers and
b) casting .

2. A. J. Durelli and V. J. Parks , “New Method to Determine Restrained
Shrinkage Stresses in Propellant Grain Models”--October 1962.

The birefringeflee exhibited in the curing process of a partially

restrained polyurethane rubber is used to determine the stress associated

with restrained shrinkage in models of solid propellant grains partially

bonded to the case.

3. A. J. !)urelli, “~~cent Advances in the Application of Photoelasticity in
the Missile Industry”--October 1962.
Two- and three-dimensional photoelastic analysis of grains loaded by
pressure and by temperature are presented . Some applications to the

optimization of fillet contours and to the redesign of case joints are

also included .

u~ A. J. Durelli and V. J. Parks, “Experimental Solution of Some Mixed

Boundary Value Problems”--April 19614.
Means of applying known displacements and known stresses to the boundaries
of models used in experimental stress analysis are given. The applica-

tion of some of these methods to the analysis of stresses in the field

of solid propellant grains is illustrated . The presence of the “pinching
effect” is discussed .

~~. A. J. Durelli, “Brief Review of the State of the Art and Expected Advance
in Experimental Stress and Strain Analysis of Solid Propellant Grains”-—

April 1964.
A brief review is made of the state of the experimental stress and strain

analysis of solid propellant grains. A discussion of the prospects for

the next fifteen years is added .

6. A. J. Durelli, “Experimental Strain and Stress Analysis of Solid Propellant

Rocket Motors”--March 1965.
A review is made of the experimental methods used to strain—analyze solid

propellant rocket motor shells and grains when subjected to different
loading conditions. Methods directed at the determination of strains in

actual rockets are inc luded .

7. L. Ferrer, V. J. Parks and A. J. Durelli , “An Experimental Method to Analyze
Gravitational Stresses in Two—Dimensional Problems”--October 1965.

Photoelasticity and moire methods are used to solve two-dimensional problems

in which gravity-stresses are present.
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~~~. ~~~ . ~~~ . :ur.~lii , V . . ~~~~ m~ C. . i•~i kiD , “Stresses in a Square Slab

i~on~e~ on .‘ne race ~ a ~~~~ Flate and ~ilirunk” --November 1965.
A square er’ox’: ’J~~ w~ nt ~’-~ ~‘ i t i ~~i~ plate on one of its faces in

the process : t  ‘~u i :,~’, . t n. .i.m~ ~ ‘ ens ~ne photoelastic effects
assoc ~a ted w t t : .  i s i . r r~

. ~~~~ wer e “ f roz en— in . ”
Three- .limen . ’:. .d •~~~~~~t~~~j cj ~~v w i ;  u.~~i in the  ana ly s i s .

?. ? .  J .  ur~~i~ , 
‘.‘ . J . :~ ~~ m d  C. ~~. ~~~ ~~~~~ “Experimental  Determination

of ~;tr~~:;.~ in  I is; i : ! . :lr .. in -~ .m i i  Cvli~ der s of Complicated
- ~~~~~~~~~~ 1 1

Photoe l as t i c i ty  m ni rno i r.~ are u:~.’d ~~ ~nalvze a t hree—d imensional rocket
shape w i t h  a star shaped core subjecte d to internal pressure .

10. V. .1. Parks , A. J .  fl ur e~i1i and L. rerrer , “Cravita t ional  Stresses
Determined U sirm ~ I~ mers ion Techniques ” --J ulv 1966.
The methods presented in r•~chnic.-u R~~ crt ~o. 7 above are extended to
three-d imensions.  Imm~ r n i on  is used to increase response.

11. \. 2. Durelli and . .  ~!. p arks .  “Experimental Stress Analysis of Loaded
Doundaries in Two-fl irn ension al  Second 3oundarv Value Problems ”--
February 1967.
The p inching e f fec t  that  occur s in two-dimensional bonding problems ,
noted in t~~r t n  2 ~nd ~ above , is analyzed in some detail .

12. A. T . Dur e i l i , V . ~~. Parks , H. C. Feng and F. Chiang , “Strains and
Str~ sses in Matr ices  w i t h  Inserts ,” —— May 1967.
Stresses and strains along the interfaces , and near the fiber ends, for
different fiber end configurations, are studied in detail.

13. A. J. Durelii, V. S. ~‘ax’~s and S. Urihe , “Optimization of a Slot 
End

~onfiguraticn in a Fin it ~ Plate Subjected t~~’ Uniformly Distributed
Load ,”—— ,lune j~~~~1.

Two-dimensional rh~ t~ e1asticity was used to study various elliptical ends

to a slot, and det~ rm ine  which would g ive the lowest stress concentration
for a load norma l o the slot length.

14. A. J. Durelli, V . S. Park;~ md Han—Chow Lee, 
“Stresses in a Split

Cyl inder Bonded to ~ Case and Subjected to Restrained Shrinkage ,” ——
January 1968.
A three-dimensional photoe lastic study that describes a method and
shows results f~ r the .;tresses on the free boundaries and at the
bonded interface of a solid propellant rocket.

15. A. J. Durelli , “ Experimental Stress Analy sis  A c t i v i t i e s  in Selected
European ~~boratories ” --A ugust 1968 .
This report has been w r i t t e n  following a t r i p conducted by the author
t hrough severa l European countries. A l i s t  is ~ iven of many of the
ldboratories doing imnortant experimental stress analysis work and of
the people interested in th is  kind of work. An attempt has been mad e
to abstract the main characterist ics of the methods used in some of
the countries visited .

i i i



16. V. 5 .  Parks, A. J. :Iure ~ 1: and L . Ferrer , “Constant  Acceleration Stresses
in a Composite l3od~ ”--Cctober 1968.

rise of the immersion analogy to determine gravitational stresses in

two-dimensional bt~~ies made of materials with 
different properties.

17. A. J. Durelli, J. \ .  Clark and A. Kochev , “Experimental Analysis of High
Frequency Stress Waves in a Ring ”--October 1968.
A method for the complete exper imental  de te rmina t ion  of dynamic stress
distributions in a ring is demonstrated . Photoelastic data is supple-
mented by measurements with a capacitance gage used as a dynamic lateral
extensometer .

18. J. A. Clark and A. 3. Durelli, “A Modif ied Method of Holographic Inter—
ferometry for Static and D’rnamic Photoelasticity”--April 1968.

A simplified absolute retardation approach to photoelastic analysis is

described. Dynamic isopachics are presented .

13. 5. A. Clark and A . J. Durelli , “Photoelastic Analysis of Flexural Waves

in a Bar ” --May l9~ 9.
A complete direct , full-field optical determination of dynamic stress

distr ibut ion is il lustrated . The method is applied to the study of
flexural waves propagating in a urethane rubber bar. Results are
compared wi th approx ima te theories of f l exural waves.

20. J. A. Clark and A . J. Durelli, “Optical Analysis of Vibrations in

Continuous Media ” --June 1969.
Optical methods of vibration analysis are described which are independent

of assumptions associated with theories of wave propagation. Methods are
illustrated with studies of transverse waves in prestressed bars, snap
loading of bars and motion of a f luid surrounding a vibrating bar .

21. V. 3. Parks , A. 5. Durelli , K. Chandra shekhara and T. L. Chen , “Stress
Distribution Around a Circular Bar, with Flat and Spherical Ends,
Embedded in a Matr ix  in a Triaxial Stress Field ”--July 1969.
A Three-dimensional photoelastic method to determine stresses in composite
materials is applied to this basic shape. The analyses of models with
different loads are combined to obtain stresses for the triaxial cases.

22. A. J. Durelli, V. 3. Parks and L. Ferrer, “Stresses in Solid and Hollow

Spheres Subjected to Gravity or to Normal Surface Tractions”--
October 1969.
The method described in Report No. 10 above is applied to two specific
problems . An approach is suggested to extend the solutions to a class
of surface traction problems.

23. 5. A . Clark and A. J. Durelli, “Separation of Additive and Subtractive
Moiré Pa tterns ”--Oecember 196 .
A snatial filtering technique for adding and subtracting images of several

gratings is described and employed to determine the whole field of
Cartesian shears and rigid rotations.
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2- . . ~~. 
‘. -~~ i : .~~ ~~. .. m:’ -~ i i , ‘‘h ~~ ?~ r~~~i~~~~~ -T~ r inges  in St ress—

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~

~1 i~~ J ~~~ : m ~t ’tTr ~~’ i n: ~~ t :~~‘ ;— nolo— int-~~feronetry Datterns

~~ fr i nge  s h i f t s)  and
: s . ~~~~~ t i~~; ~i -  :i.d..:ed ‘h~~- i ~~ t i~ i~~~~~~: i;~~~ i _ L i ~ tr ated w i t h  computer

~ ~e :  ho ~ f l :  - i : : t  ~p 4_ e c”nC~ ;~ i t

2 ’ . . - \ .  C~~i:’~ , •-\. 
‘ . ~~~~li1 ~r.d ~~~. \. aura , ‘‘Th the  :~f f o c t  of ini~ iäi

n t i 1-?xur~~ 4~ v~ s in ~L~n : i c  Rectangular

t :  “ — — . ~~~~~~~ .~r
.il in al v-; j :  o~ ~~~~ r r’ Op dC fl  i n  ~ fi ’~xnr a1 waves in rr i s mat i c ,

w i t ~. ~t .J W~~t ! i~~U t  p r . t r ’ :: - ~. n~. . ‘hc ~f f e c t s  -of rr . tr -oirn ’~
v ~x ia1 t e n - ; i -~~ , - m ~: ~ c r ’ r e ssion ~and nure l end inm ~ ~~~ illu.strdted .

2 .  A. ‘
. flur .~l 1i ~~~~~ ~~. A. ‘lark , “ f x rer i r ’i ’mt~i 1 .-\na ly si s  of Stresoes in o

i i - ’, -i ~I irefr in~ ’?r.t ri~ i i’’ — — ~’~~ ’ru-~~ v ~~~~ 1.

:\fl • ‘: ‘n : i  ~n cf n - ’  m~~hod ~ t n : io t  ~Y~’ Ls~~OUS an . .Lv st s  is t resen~~~ , L ~~
r~~r’~ i~~; ‘u a n t i t  ~ i’; ~~~ . l i ’ ;  o t  st r3ins  assoc id t’- ’-i w ith  steady s ta te
; iLr ~ t ions of i::;n~~’.:’ -~ stri urs . Fho m- ’t h od is onnl ied  in sn
invest  i :ar i - :n  of ~~ fo r ;  or •~ a vi or  of ~uo:—cai l~ ovstems loaded ~v

~he i .  ion ~ t ~a’: ; ~~

S . 2ur’~L 1i m t  F . . ~~on , “r i la:emento ~r;i Fj f l  ~e— t r a i n  Fields in
I : - h ’r ’~ uYt~’’’ ’ ~o ~~~~~~~~~ ~ et  ~~~; - m :~~S” — — i  ~-r ’ f l a r :  l~ l 7 2 .

~rct t~ i i f l -~ ( r m n c ~in ~ ~- - o O. -~~ 1 t o  ~~. 5J ~ are determined in
S noI ’r~ r~~t h an e  ;j S . ’r: iC j~~cted to soveral levels of aiametra l compression.
:\ 500 l in e s — p ~’r— inc h  ~r~ t ing was eii~ - bled in a ‘oeri h a n  plane of the S

:t-h ’~r ’~ and mo i r ’~ - f f ; : t  produc od w i t h  a non- -io~ or ’~ied naster . The maxinun

~pn i i e 1  •;‘~r t i a L  ~!~~r i m c e n e f l t  roc!uced the diameter  of the srhere ~v 2 ’~
m t .

2 8. . . 7 .  Du r e l  i i  and . M acl i  I d a  • ‘‘ : t resses an t I  Strain in a Disk with Variable
Modu I u~ of i : l  as t  i c t v ’’ - —March 1972
A t r a n s p a r e n t  m a t u r i  ii w i  t l i  v a r i a b l e  modu l us of e l a s t i c i t y  has been
manu f a c t u r e d  t hat  e x h i b it s  good phot oe las t  ic propert ies and can also be
s t ra in ana tv z t d by no I rt~. l ime r e s u l ts  obtained suggests that the stress
dl s t r I l~u t Ion in t lu d isk  of vi r I rib Ic I~ I p rae t I ca l lv the  same as the
s t  ress t1 i ~~t r ibui t  ion in t he’ liomopeneous d i s k .  It  a lso indicates that t he
sE ra In j u l  ds In hc’ t I, i ases arc very d i i  Ic rent , but that it is possible,
; i p p r o x l m a t c l v .  t o  obtain t h e  s t ress  f i e l d  from t h e  s t ra in  field using the
va t Lie of h at  i•v t  rv point , and hoo ky ~s I ;iv

29. A.  . I)ure lii and .7 . h~u i t  raro , ‘
~~~ t a t e  of  St ress and Stra in In a Rec t angui I a r

Re I t !‘ ,i  l i e d  ~vu ’ , a v I I iid r i mi I l u i  11ev ’’ — — 7 itn e I ~ 72
Two— and t hr& ’e ’— d imens i on:i 1 phiotoe las t I c i t  V as w e l l  as electri cal strain
gages, d ia l g.lges and iii ic rometers are used to  dete’rm i ne the stress dist ri —
but ton In a hell  — p u 11 t V  ; vs t em. Cent .ic t and tangent i al st ress for various

T”~-.....~~nntae t an~~lvs and f r ic t i o n  coe f f ic ien t s are’ given .



30. T . L . Then and A. 3. urelli , “ S tr ’~:;s Field in  -i Sphere Subjected to

barge L’e f o r m at i o n ~ ” - -~~Ufle l’1’~~.
Stra in  f ie lds  ob r a in .’J in a ~p her’e sub jec ted  to large diame tral compressions
from a previous p l ’o e r  wer e converted into stress fields using two approaches.

First , the ccnc :’pt of s t ra in-en ergy  f u n c t i o n  for an isotrop ic elastic

body was used. 2h on the  stress h eld was determined w i t h  the Hookean
type na tural stress-nat~iril strain relation . The results so obtained
were also compared.

31. A. 5. Durelli. V . S. Parks and U. M . Hasseem , “Helices Under Load”--
July 1173.
Previous Solut ions toi’ the case of close coiled helical springs and for S

helices made of t h i n  bars are extended . The complete solution is
presented in graphs for the use of designers. The theoretical development
is correlated w i t h  e:~per iment s .

32. T. L .  Then and A.  3. t)urelli , “Displacements and Finite Strain Fields in
a Hollow Sphere Subjected to Large Elastic Deformations”--September ~~~~
The same meth o ds  Je ;cribed in No. 2 ’ , were applied to a hollow sphere
with an inner dianm ’ter one half the ou te r  d i a m e t e r . The hollow sphere

was loaded up to a strain of ~O per cent on the meridian plane and a
reduction of the diameter by 20 per cent.

33. A. J. Durelli , H. I-I . Hasseem and V. J. Parks , “New Experimental Method

in Three-Dimensional Elastostatics ” --Decetflher l~ 73 .
A new mater ia l  is reported which in uni que among three-dimensiona l
str ”ss-freezing materials , in tha t , in its heated (or rubbery) state

it has a Poisson ’s ratio which is apprec iably lower than 3.5. For a
Loaded model , made of th i s  material , the unique property allows the
direc t determinat ion of stresses from strain measurements taken at
inter ior  points in the model.

3L~~ 5. Wo lak and V. 1 , Parks , “Evalua t ion of Large Strains in Industrial
App licat i ons ” -- Apr i l  lY7 ’~.
rt  was shown tha t Mohr ’s c ircle permits the transformation of s train from
one axis of reference to another , irrespective of the magnitude of the
strain , and leads to the evaluation of the princ ipal s train components
from the measurement of direc t s t rain  in three di rect ions.

35. A. 1
• Durelli , “Exper imental Stress Ana lysis Ac t iv i t i e s  in Selected

Europea n Lahora tories ”--April 1975.
Continuation of Report No. 15 after a v i s i t  to Belg ium , Holland , Germany ,
france , Turkey, England and Scotland .

1t’ . A. S. Durelli , V. J. Parks and S. 0. BUh ler-Vidal , “Linear and Noa-linear
Elastic and Plastic Strains  in a Plate w i t h  a Big Hole Loaded Axially in
its Plane ” -—July 1975.
Strain analysis of the ligament of a plate wi th  a big hole indicates tha t
both geometric and material non- l inear i ty  may take place . The strain
concentration factor was found to vary from 1 to 2 depending on the level
of defor ~ ation .

vi



~~~
‘ . ~~. J .  ~~~~~~~ . ~~~~~~ 

‘ . 0. iiühi .~r-~ i3al and ~~~. C rne , “Elastostatics

of i 
‘
~i. Ic ‘cx ~~.: . ‘ct ~’d to Concentrated Loads ”--AuguS t 1975.

;r.al~, sis J: .~x:~ r~~~entjl srra~ n , 
stress and de flection of a cubic box

su~~~ c te .i to concentr4ted loads applied at the center of two opposite

faces . The r : i t i~ between the inside span and the wall thickness was

varied between approximately 5 and 121.

38. A. 3. Durelii , V .  ~~. Parks and 5. 0. BUhler-Vida .l, “Elastostatics of

~~ ic boxes 
:us~~cte(1 to ?ressur

e”--M arch j I 7 f ~ .

Experimental anal isi~ of s train , stress and deflecticns in a cubic box

subjected t~o eit ~.’~r in ternal 
or external pressure. Inside span-to—wall

thickness ratio varied from 5 to lL* .

3~~. V .  Y. Hung, 5. D. hovanesi-an and A. S. Durelli , “New Opt ical Method to

:etermine V i b r a t l o n -t n d u c e d  Stra ins  w i t h  Variable Sens i t iv i ty  Af te r  S

~ecording ” --Nov~moer 1~ ~~l .

A steady state vibrating ob~oct is illuminated 
with coherent light and

its image slightly misfocused . The resulting specklegram is “time—

integrated” as when Fourier f i l t e red  gives derivatives of the vibrational

amplitude .

~0. Y.  Y. Hung, C.  V . L iang ,  J . D. Fiovanesian and A.  J. Durelli , “Cyclic

Stress Studies  5;  Time-Averaged Photoe lasticitv ”--November 1976.

“Time-averaged isochromatiCs” are formed when the photographic f i lm is
exposed for more taan one period . Fringes represent amplitudes of the

oscillating stress according to the zeroth order Bessel function .

~i. ?. Y. Hung, C. V. Liang, 5. D. Hovanesiafl and A . J. Durelli, “Time-

Averaged Shadow Moir~ Method for 
Studying Vibrations”--Noveltlber 1976.

Time-averaged shadow moir~ 
permits the determination of the amplitude

distribution of the  deflection of a steady vibrating plate.

.2. J. Buitr ago and A .  J. Durelli , “On the Interpretation of Shadow—Moire

Fringes ” --- A Pr l I  I~~~7 .
Possible rotations and t r ans la t ions  of the grating are cons idered in a

general expression to interpret shadow-mo ir~ fringes 
and on the

sens i t iv i ty  of the me thod . Application tO an inverted perforated tube.

~3. 3. 3cr Hovanesian , “l~~t h  relish Solid ~techanics Conference.” Published in

European Scientific Notes of the Office oi Naval Research, in London,

England , Dec . 31, 1976.
Comments on the planning and organization of , and scientif ic content of

paper presented at  th~ lSth Polish Solid Mechan ics Conference held in
l4isla-Jaworn ik from Septenther 7_ 1t4 , l’~’6.

A .  5. D’~re1l i , “The ~itficu1t Choice ,”--May i°~~
.

The advantages and limitations of methods available for the analyses

of displacements , strain , and stresses ar-’ considered . Comments are

made on several theoretical approaches , in particular approximate

methods, and attention is concentrated on experimental methods : photo-

elasticity , moire, brittle and photoelastiC coatings , gages , grids ,
holography and speckle to solve two- and three-dimensional problems in

elasticity , plasticitY~ dynamics and 
anisotrOç’y.

vii

-  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- -
~~~~~: 

r - ~ ’~-- - - • --- --
~~

--
~

—--
~~~

-
~~~ 

- -

45. C. Y .  Liang , Y .  Y .  Hung ,  A. 5. Dure ll i  and .1. D. Hovanesian ,
“Direct Determination of Flexural Strains in Plates Using Projected

Gratings ,”——June 1977.
The method requires the rotation of one photograph of the deformed

grating over a copy of itself. The moir4 produced yields strains by

optical double differentiation of deflections. App lied to projected

gratings the idea permits the study of plates subjected to much larger

deflections than the ones that can be studied with holograms.

46. A. J. Durelli , K. Brown and P. Yee, “Optimization of Geometric
Discontinuities in Stress Fields”——March 1978.
The concep t of “coefficient of efficiency ” is introduced to evaluate

the degree of optimization . An ideal design of the inside boundary of

a tube subjected to diametral compression is developed which decreases

its maximum stress by 25%, at the time it also decreases its weight by
10%. The efficiency coefficien t is increased from 0.59 to 0.95.

Tests with a brittle material show an increase in strength of 20%. An

ideal design of the boundary of the hole in a plate subjected to axial

load reduces the maximum stresses by 26% and increases the coefficient

of efficiency from 0.54 to 0.90.

47. 5. D. Hovanesian , Y. Y.  Hung and A .  J. Durelli , “New Optical Method
to Determine Vib ration—Induced Strains With Variable Sensitivity After
Recording”——May 1978. S

A steady — s t a t e  v i b r a t i n g  objec t  is i l luminated  wi th  coherent ligh t and
its image is slightly misfocused in the film p lane of a camera. The
resu lti ng p rocessed f i lm is ca l led a “t ime—integrated specklegrani.”
When the specklegram is Fourier f i l t e r ed , i t  exhib i t s  fr inges dep icting
derivat ives of the vibrational amp litude. The direction of the spatial
derivative , as well  as the f ringe se n s i t i v i ty  may be easily and continu— S
ously varied during the Fourier filtering process. This new method is
also much less demanding than holographic interferometry with respect to
vibration isolation , optical set—up time , illuminating source coherence ,
required film resolution . etc.

48. 1. 1. Hum’ and A.  - , . D~irc1 i i  , “: I nai l taneous flt’termina t ion of Three

St ra in  Components in Speckle Intcrfcrometrv Using a Multip le Image

Shearing Camera , ’— —Septemher 1978
This paper describes a multip le image—sh earing camera. Incorporating

coherent light illumination , the camera serves as a multip le shearing

speckle in terferor net er whi ch measures the derivatives of surface

disp lacements with respect to three directi ons simultaneously. The
.-ipp llcati on of the camera to the study ci flexur a l strains In bent

p la t es is show n . and t h e  det e rm in a t ion of t he  comp lete state of two—

dimensional strains is also considered.  The mu l t i p le image—shea ring
camera uses an In te r fe rence  phenomena . h ut is less demanding than

holograp hic Interfer om etry w i t h  respe ct to vibration isolation and the

coherence of the li ght source . It is superior to other speckle

t e c h n i ques I n t h a t  t h e  obtaine d frin ges are of much better qu ality.

vi ii
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49. This paper deals with the optimization of the shape of the corners
and sides of a square hole, located in a large plate and subjected

to in—plane loads. Appreciable disagreement has been found between
the results obtained previously by other investigators . Using an S

optimization technique , the authors have developed a quasi square
shape which introduces a stress concentration of only 2.54 in a
uniaxial field , the comparable value for the circular hole being
3. The efficiency factor of the proposed optimum shape is 0.90
whereas the one of the best shape developed previously was 0.71.
The shape also is developed that minimizes the stress concentration
in the case of biaxial loading when the ratio of biaxiality is 1:-i.

- ~~~~~~~~~ -
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OPTIMUM HOLE SHAPES IN FTNTTE PLATES UNDER UN IAX IAL LOAD

by 
S

A. J. Durelli and K. Rajaiah

Abs t r~c t

This paper presents optimized hole shapes in plates of finite width

subjected to uniaxial load for a large range of hole to plate widths

(D/W) ratios. The stress concentration factor for the optimized holes

decreased by as much as 44% when compared to circular holes. Simulta-

neously, the area covered by the optimized hole increased by as much as

26% compared to the circular hole. Coefficients of efficiency between

0.91 and 0.96 are achieved . The geometries of the optimized holes for

the 1)1W ratios considered arc’ presented in a form suitable for use by

designers. It is also suggested that the developed geometries may be

applicable to cases of rectangular holes and to the tip of a crack.

This information may be of interest in fracture mechanics.
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Tntroductj~ n ——

Optimization of hole shapes in stress fields is an important problem in

engineering design . Surprising ly , the problem has attracted very limited

attention . HevwoodU) was one of the  first i nvestigators to attempt the

optimization of hole shapes and , based on general considorations , he

predicted that a barrel—shaped hole with the bulging sides having a radius

of curvature equal to the hole width P would be an optimum shape for an

infinite plate under unlaxial tension . Ross~
2
~ conducted photoelastic

experiments on Heywood’~ “ideal shape” l yle and estimated the stress

concentration factor (s.c. f.) to be 3.25.

Durelli, Daily and Riley~
3
~ , and more recently , Diirelll , Brown and Yee~

4
~

presented a practical way of arriving at optimum hole shapes from simple

photoelastic tests by removal of material from low stress regions around

the hole and making an isochromatlc fringe coincide with the boundary .

Following th i s  approach , Du r e l l i  and Rajaiah~
5
~ arrived at a quasi—square

hole with a s.c.f. value of only 2.54 as optimum shape for a wide plate

under uniaxial load,and a double—barrel hole wi th  a s . c . f .  value of

only 3.6 as optimum shape for a wide plate under pure shear, the corresponding

values for the circular hole being 3 and 4 respect ively. In the present

paper , work on the optimization of hole shapes in finite plates subjected

to uniaxial load is presented .

S Constraints of the Problem

S For the optimization process, the following constraints were stipulated :

a) the boundary of the hole has to lie inhetween the circle of

diameter P and the sauare of side P. and

b) the allowable maximum stress for compression I s about three

times the allowable maximum stress for tension .
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Me thod

As already ment ioned , the optimization process involves removal of

material from low stress regions around the hole by careful hand filing

till an isochroinatic fringe coincides with the boundary in the tensile and

comp ressive regions respectively. The constraints of the problem dictate

the amount of material that may be removed.

It was proposed in an earlier paper~
4
~ that the degree of optimization

be evaluated quantitatively by a coefficient of efficiency

(fS
1+ fS2 

S

k f f  s2~ s0 

S0 + 
Sl

a;u

where a~~~ represents the maximum allowable stress (the positive and

- 

negative superscripts referring to tensile and compressive stresses,

respectively), S
0 

and S1 
are the limiting points of the segment of boundary

subjected to tensile stresses and S1 and S2 
are the limiting points of the

segment of boundary with compressive stresses.

The coefficient of efficiency keff 
shows how efficiently the material

at the hole boundary has been utilized for the given field. k ff equal to

one would mean that the stress levels are constant both on the tensile and

compressive regions around the hole. The closer keff 
is to unity, the more

efficient the design is. In other words , a hole with a k ff of 0.95 has

a higher degree of optimization than a hole with a keff 
= 0.90. Further ,

as one moves from a keff value of about say 0.80 to say 0.95, 
the s.c.f.

comes down in both the tensile and compressive regions.

S The same criterion has been used in the present work to evaluate the

optimized hole shapes .
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Experimental Details

Experiments were conducted with 0.23 in (5.8mm ) thick Homalite—l00

pla tes (fringe constant of 133.2 lb/in—fr (23.3 kN/m—fr)). The hole width

was chosen as 1.5 in (38.1 mm) for the smaller D/W ratios while it was

maintained at 3.0 in (76.2 mm) for the larger P1W ratios . Optimization

was carried out for D/W — 0.140, 0.377, 0.518, 0.775 and 0.837, wIth the

models subjected to uniaxial tension . For small ratios , the absolute

size of the hole had to be kept small for practical considerations of the

loading frame, while for large ratios , larger hole sizes could be chosen .

Invariably , the use of larger hole sizes increases the ease with which

optimization can be carried out especially at the corners , and improves

the precision of the determinations. To improve the precision further ,

in particular at the corner zones , a binocular magnifier  with .‘ set of

polarizer and quarter wave plates attached to each of its lenses was used

during the filing process .

Results

The isochromatic patterns for two typical hole shapes are shown in

Figs. 1 and 2. The stress distributions around the optimized holes for

the D/W ratios considered are presented in Fig. 3. The same figure also

includes the stress dist ribut ion around circular holes in several plates

of finite width . The s.c.f. for the tensile and compressive regions of

the optimized holes for different DIV ratios are plotted in Fig. 4.

Informat ion for circu lar ho1es~
6
~ is also included in this figure .

The emp irically developed optimum hole geometries have been fitted

with a combination of circles of different diameters and common tangents

at the points of intersection . The hole geometries for the different D/V

_ _ _ _  
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ratios are shown In Figs. S to Q .

The information given In Figs. 5 to 9 have been consolidated in

Fig. 10 and the different rad ii of curvature for the hole edges for the

range of D/W ratios conside red are presented in graphical form . This

information should he useful to designers.

Opt itn i zat ton 01 Rvctaii ~~iln r Holes

I t n~av he r e c a l le d  t h a t  the opt m u m  shapes have been developed wi th

one of the~ con s t r a i n t s  stating that the hole should l i e  Inh etw een a square

of side I) and a ci rc I y of diameter [1. ~~~ hole shapes developed suggest

that , for P1W ratIos large r than about 0.6, since the ’ l o n g i t u d i nal sides

remain stra ight and so do the  fringes , the same shapes developed for the

quasi—square hole can be expected to r emain  o p t i m u m  for  rectangular holes

(sides a x h) with a/h ratios larger than about 0.4 (Fig. h a ) .  Similarly

for a/W rat~es smaller than about 0.4, the quasi—square shape cou l d be

used when the sides of the rectangle are large r than about 0.9 (Fig. l ib ) .

2ptimum Shape of a liL ~~ 
a Crack

Rice~
9
~ in his analysis of the strain concentration at smooth—ended

notch t i ps , raises the quest ion of the opti mum shape of the t ip of a

crack. Following the reasoning In the previous paragraph , it is also

believed that the geometry outlined in Fi g. (llh), for small a,%~, may

on first approxi miz atton give the desired optimum shape at the tip of

the crack.

The optimum shapes developed here have lead to significant reduction

In weight as compared to the circular holes. The percentage increase in

the area of the optimized hole as compared to the circular hole has been



- -,
— 5—

plotted In F i g .  4 for the d i f f e r e n t  opt imu m shapes . The increas e is

about 16% for  111W 0.14 whIle it goes up to about 267 for D/V — 0.64 .

For fl/V larger than 0.64 , there Is a reduct ion In the ga in , the value

reach i ng 18% for DIV 0.837. It Is anticipated that this trend of

reduced ga in  w i l l  c o n t i n u e  t I 11 DIV — I , since  the t ransverse edge w i l l

tend to he a nea r c i r c u l a r  edge .

Discussion

The l sochromat lc  patterns in Figs.  I and 2 and the stress distributions

given In F I g .  3 show that the newly developed hole shapes are optimum w i t h

the stresses remaining uniform alo ng l ar ge port-ions of the tensile as well

as comp ressive segments of the edge. It Is also seen from Figs. 3 and 4

tha t , as compa red to the c ir c u l a r  holes~
6
~~, t h e op t imu m shapes have resulted

In si gii I I I  cmi t reduc t I on o I • c . I . , the reduc tio n ran g ing I rom I 62~ f o r

DIV 0.14 to about 44% for  1)/W = 0.837. F ig .  4 also includes  In fo rma t ion

given in  an e ;i r i l t ’r  paper~
4
~ for  11/W = 0.6.  I t  Is seen that the present datum

is a f u r t h e r  r e f inement  over the earl icr  value wherein k = 0.90. The
e f f

c o e f f i c i e n t of e f f i c i e ncy k e f f  has been achieved in the range 0.91 to 0.Q6 ,

the lower va lues  be ing  for  lowe r DIV ratios , as shown in Fig. 4.

I t  I s  known ( 6 ) I ( 7) t hat , for  the c i rcu la r  hole , the l im i t i ng value of

s . c . f .  as 11/V ‘ I Is about 2.0 .  in the present case of optimi zed holes ,

t h i s  l i m i t wou ld  appear to be about 1 .0 , as seen from Fir  . 4.

i t  IS impo r t an t  t o  s tud y the shape of the o p t i m i z e d  holes in Figs . 5

to 9 as the fl/V r a t i o  in cremws.  l?or P/V r a t i o s  s ma l l e r  than about 0. 56 ,

the holes are barr e l—shaped with the longi tud ina l  edges curved and the

transverse edges remaining straight. As the fl/V ratio Increases towards

0.56 , the radius of curvature of t he bul gi n g sides a l so Increases. In the

range 0.56 D/W 0.70, both the longitudinal and the t ransverse sides
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remain straight with curved corners . This would mean that , in this range

of P1W , a square hole wit h rounded corners Itself Is an optimum shape with

the proper choice of corner radius. The Information In Fig. 10 confirms

this.

As the hole size increases further (DIV 0.70), interesting things

tend to develop . Whi le the l ongitudinal edges continue to remain straigh t ,

the transverse edges start bulging out. The corners need special attention

with inflection poi nts appearing along the transverse ed ges. It would

appear that as P/V ratio approa ches u nit y , the transverse edge would

tend to become a c i r c u l a r  edge with a radius of 1)/2. Some experimental

results of F1vnn~
7
~ on cir cular holes con f i rm this anticipation .

Another point of i n t eres t  in F i r s .  5—9 Is the corner of the hole.

It is well accepted that in structura l d l scont in u i tie s an~’ reentrant

corner with a very small radius Is a potential source of stress concen-

tration and is to he avoided . However , in the presen L case of optimized

hol es , the corner regions happen to he low stress areas with zero stress

occur ing at the corner.  Hence , ideall y one can have a very sharp reen-

trant corner without Introducin g a stress conc entrat ion . In other words ,

the Ideal optimized hole with k ff = 1 appears to need a sharp corner !

Conclusion

Optimized hole shapes in finit e plates subjected to uni. axial load have

been presented for  .i range of n/V ratios . It has been shown that, as

compared to circul ar holes, the o p t i m i z e d  holes lead to s i gn i f i c a n t  reduct ion

In s.c .f. together with significant increase In the a rea covered by the hole.

Thus a substanti a l increase in strength/we i ght ratio Is achieved . The geome-

tries of the optim i zed holes are presente d In a form suitable for use by

designer s . I t  is al so  sugge sted tha t  the developed geometries may he app licabl e

to cases of rect angul ar holes .

LA ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . .~~~~ .. -
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